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Introduction to Direction Angles

Cartesian Vectors

The operations of vector algebra, when applied to solving problems in
three dimensions, are greatly simplified if the vectors are first represented
in Cartesian vector form. In this section we will present a general method
for doing this; then in the next section we will use this method for finding
the resultant force of a system of concurrent forces,

Right-Handed Coordinate System. We will use a right-
handed coordinate system to develop the theory of vector algebra that
follows. A rectangular coordinate system is said to be right-handed if the
thumb of the right hand points in the direction of the positive z axis
when the right-hand fingers are curled about this axis and directed from
the positive x towards the positive y axis, Fig. 2-21.

Rectangular Components of a Vector. A vector A may have
one, two, or three rectangular components along the x, y, z coordinate
axes, depending on how the vector is oriented relative to the axes. In
general, though, when A is directed within an octant of the x, y, z frame,
Fig. 2-22, then by two successive applications of the parallelogram law,
we may resolve the vector into components as A = A" + A; and then
A'= A, + A, Combining these equations, to eliminate A’, A is
represented by the vector sum of its three rectangular components,

A=A+ Ay + A (2-2)

Cartesian Unit Vectors. In three dimensions, the set of Cartesian
unit vectors, i, j, k. is used to designate the directions of the x, y, z axes,
respectively. As stated in Sec. 2.4, the sense (or arrowhead) of these
vectors will be represented analytically by a plus or minus sign, depending
on whether they are directed along the positive or negative x, y, or £ axes.
The positive Cartesian unit vectors are shown in Fig. 2-23.

Fig. 2-23

Fig. 221

-y
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CHAPTER 2 FORCE WECTORS

Cartesian Vector Representation. Since the three components
of A in Eq. 2-2 act in the positive i, j, and k directions, Fig. 2-24, we can
write A in Cartesian vector form as

—

S
ey
S

A=A+ Ayj + Ak (2-3)

There is a distinct advantage to writing vectors in this manner.

1[ [ dai S_epar_ating the ma:gmmde and direction of ‘?ach component ?‘fffﬂrl will
b —¥ simplify the operations of vector algebra, particularly in three dimensions.
Agi ;
P
Fig. 2-24

Magnitude of a Cartesian Vector. It is always possible to
z obtain the magnitude of A provided it is expressed in Cartesian vector
form. As shown in Fig. 2-25, from the blue right triangle, 4 = VA™ + A2,

A : : = s
1 and from the gray right triangle, 4" = v/4Z + 4. Combining these
A equations to eliminate A" vields
‘42
M A=ValtAlt Al (2-4)
Ay . Hence, the magnitude of A is equal to the positive square root of the sum
Al /N of the squares of its componenis.
4
S
X
Fig. 2-25

Direction of a Cartesian Vector. We will define the direction of
Z A by the coordinate direction angles « (alpha), g (beta), and 7y (gamma),
measured between the fail of A and the positive x, y, z axes provided they
are located at the tail of A, Fig. 2-26. Note that regardless of where A is
directed, each of these angles will be between 0° and 180°.
To determine «, 8. and v, consider the projection of A onto the x, v, £
axes, Fig. 2-27. Referring to the blue colored right triangles shown in
each figure, we have

e

Ar A}' I
cosa =~ OCI‘S-,B—A cos ¥ =~ (2-3)

These numbers are known as the direcfion cosines of A. Once they
have been obtained, the coordinate direction angles «, 8, ¥ can then be
determined from the inverse cosines.
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An easy way of obtaining these direction cosines is to form a unit
vector u, in the direction of A, Fig. 2-26. If A is expressed in Cartesian
vector form, A = Aji + A;j + Ak, then u, will have a magnitude of one
and be dimensionless provided A is divided by its magnitude, i.e.,

A '4.1'. 1‘1}'. "‘z
uA—A—A1+AJ+Ak (2-6)
where A = VA7 + A7 + A;. By comparison with Egs. 2-5, it is seen that

the i, j, k components of w, represent the direction cosines of A, ie.,
uy, = cosai + cos Bj + cos vk (2-T)

Since the magnitude of a vector is equal to the positive square root of
the sum of the squares of the magnitudes of its components, and uy has a
magnitude of one, then from the above equation an important relation
among the direction cosines can be formulated as

cos’a + cos” B + cos”y = 1 (2-8)

Here we can see that if only fwo of the coordinate angles are known,
the third angle can be found using this equation.

Finally, if the magnitude and coordinate direction angles of A are
known, then A may be expressed in Cartesian vector form as

A = Auy
= Acosai + Acos Bj + Acos ¥k (2-3
= Ad T Aj + AK
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Using Direction Angles

Determine the tension in each cord used to support the 100-kg crate
shown in Fig. 3-13a.

SOLUTION

Free-Body Diagram. The force in each of the cords can be

determined by investigating the equilibrium of point A. The free-body
£ ‘T'D diagram is shown in Fig. 3-13p. The weight of the crate is

” W = 100{9.81) = 981 N.
ia ) - Im

01350 . S . .
i r’#\' {2 '?]j.. Equations of Equilibrium. Each force on the free-body diagram is
—;;)‘!f—"my first expressed in Cartesian vector form. Using Eq. 2-9 for F- and

v .;} G noting point D{-1 m,2 m, 2 m) for Fp, we have

Ak = 15 kN/mg Fy = Fyi
s Ty —
FQ Fr = Focos 1200 + Fpcos 135% + F-cos 60%k
[ '{ = —0.5Fqi — 0.707Fqj + 0.5Fk
(a) =

VI=1P + 2 + (2F
—0.333Fpi + 0.667Fpj + 0.667Fpk
{981k} N

W
Equilibrium requires
ZF =0, Fg +Fe+Fp+W=10
Fgi — 0.5F4 — 0.707Fj + 0.5F .k
—0333F,i + 0.667F,j + 0.667F,k — 981k = 0

Equating the respective L. ], k components to zero,

b) . ; ;
: IR =0 Fy — 0.5F — 0.333Fp = 0 (1)
Fig. 3-13 ;
% IR, =0 —0.707F; + 0.667F, = 0 (2)
IF, =0 0.5F¢ + 0.667Fp — 981 = 0 (3

Solving Eq. (2) for F,, in terms of F, and substituting this into Eq. (3)
yields Fi Fp 15 then determined from Eq. (2). Finally, substituting the
resulis into Eq. (1) gives Fy. Hence,
Fr=8I3N Ans.
F, = 862N Ans.
Fp = 624N Ans.
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Using Vector Coordinates:

(2]

Determine the force in each cable used to support the 40-lb crate
shown in Fig. 3—12a.

SOLUTION

Free-Body Diagram. Asshown in Fig. 3-12b, the free-body diagram
of point A is considered in order to “expose” the three unknown forces
in the cables.

Equations of Equilibrium. First we will express each force in
Cartesian vector form. Since the coordinates of points B and C are
B(—3ft —4 fi. 8 fi) and {3 ft, 4 £t, 8 ft), we have

> _F[ —3i — 4j + 8k ]
Ve r o 6P
= —(L318F5i — 0.424Fgj + 0.848Fzk
[ -3+ 4i+ 8k
[-cr__ = 'FC — = =
V(=3P + (@7 + (87
= —0.318Fi + 0.424F,j + 0.848F k

(a)

Ep = Fi
W= {—d0k} Ib

Equilibrium requires

+a

IF =1 Fg + Fe+ Fp+ W=10
—0.318Fzi — 0424F,j + 0.848F;k
—0.318Fi + 0.424Fj + 0.848F k + Fpi — 40k = 0

Equating the respective I, ], k components to zero yields

2R =10 —0.318F; — 0318F; + Fp = 0 (1)
iF, =@ —0424F; + 0424F. =0 (2)
ZF =0 0.848Fy + 0.848F — 40 = 0 (3)

Equation (2) states that F; = F.. Thus, solving Eq. (3) for F; and F.
and substituting the result into Eq. (1) to obtain F,, we have

Fg=F-=236b Ans.
15.01b Ans.

Fp
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Question

If Fp =7T00N, and F-= 560N, determine the
magnitude and coordinate direction angles of the resultant
force acting on the flag pole.




Scietech online tuition http://scietech.tripod.com Louis J Saayman +66 9238 79530

scietechmail@gmail.com

Vector problem

A 90-1b load is suspended from the hook shown in Fig. 3-10q. If the
load is supported by two cables and a spring having a stiffness
k = 300 Ib/ft, determine the force in the cables and the stretch of the
spring for equilibrium. Cable AD lies in the x—y plane and cable AC
lies in the x-z plane.

SOLUTION

The stretch of the spring can be determined once the force in the spring
is determined.

Free-Body Diagram. The connection at A is chosen for the
equilibrium analysis since the cable forces are concurrent at this point.
The free-body diagram is shown in Fig. 3-105.

Equations of Equilibrium. By inspection, each force can easily be
resolved into its x, ¥, 7 components, and therefore the three scalar
equations of equilibrium can be used. Considering components
directed along each positive axis as “positive,” we have

SR =0 Fpsin30° — () Fc=10 (1)
ZF, =0 —Fpoos 3P + Fp=10 (2)
3F, =0 (3)Fce—901b=0 (3)

Solving Eq. (3) for Fr. then Eq. (1) for Fp, and finally Eq. (2) for Fj;,
yields

Fe=1501b Ans.
Fp=2401b Ans.
Fg=20781b = 208 Ib Ans.

The stretch of the spring is therefore

Fg = ksyg
207.8 Ib = (300 1b/ft)s, )
55 = 04161t Ans

MOTE: Since the results for all the cable forces are positive, each
cable is in tension; that is, it pulls on point A as expected, Fig. 3-105.

1k
L i

(b}
Fig. 3-10



Scietech online tuition http://scietech.tripod.com Louis J Saayman +66 9238 79530

scietechmail@gmail.com

Direction Angles given

F=TWON

¥

Fp=800N
. f

Two forces act on the hook shown in Fig. 2-33a. Specify the magnitude
of F; and its coordinate direction angles so that the resultant force Fp
acts along the positive y axis and has a magnitude of 800 N.

SOLUTION
To solve this problem, the resultant force Fp and its two components,
F, and F, will each be expressed in Cartesian vector form. Then, as
shown in Fig. 2-33b, it is necessary that Fp = F; + Fa.

Applying Eq. 2-9,

F) = Fycosaji + Fycos B1j + Fycos ¥k
= 300 cos 457§ + 300 cos 60° j + 300 cos 120° k
= {212.1i + 150§ — 150k } N
Fy = Foi + Fayj + Fyk
Since Fj has a magnitude of 800 N and acts in the +j direction,
Fp = (800 N)(+j) = {B00j} N
We require
Fp =F, + F;
800j = 212.1i + 150j — 150k + Fyi + Faj + Fyk
800j = (212.1 + Fai + (150 + Fp)j + (—150 + Fp)k

To satisfy this equation the i, j, k components of Fp must be equal to
the corresponding i, j, k components of (F; + Fz). Hence,
0=212.1+F,  Fy=—212.1N
800 = 150 + Fy, Fpy = 650N
0=—150 + Fy; Fy

150N
The magnitude of F; is thus

Fy = V(=212.1 N)? + (650 N)* + (150 N)?

= TOON Ans.
We can use Eq. 2-9 to determine ae, B, 72
—212.1
cos @y = a; = 108° Ans.
T00
650
cos fF = — = 21.8% Ans.
B B,
150
cos Y, = — = T71.6° Ans.
72 700 Yz

These results are shown in Fig. 2-33b.
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Missing angle problem

Express the force F shown in Fig. 2-30 as a Cartesian vector.

SOLUTION

Since only two coordinate direction angles are specified, the third
angle « must be determined from Eq.2-8;i.e.,

cosfa +cos B + costy = 1

cos? & + cos? 60° + cos? 45° = 1
cosa = V1 — (0.5° — (0.707)
Hence, two possibilities exist, namely,

(]

F=200M

0.5

o= cos_]{D.S} = f0° ar o= cns_](—D.S‘J = 120¢
By inspection it is necessary that « = 60°, since F, must be in the +x Fie. 2_30
direction. P
Using Eq. 2-9, with F = 200 N, we have

F=Fcosai+ FeosBj+ Feosvk
(200 cos 60° NJi + (200 cos 60° N)j + (200 cos 45° N)k
= {Im.ﬂi + 100.0§ + 14|.4l-:] N Ans.

Show that indeed the magnitude of F = 200 N.
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Determine Angles

Determine the magnitude and the coordinate direction angles of the
resultant force acting on the ring in Fig. 2-31a.

z Fg= |50i — 40j + 180k} b .

F = (506 — 100§ + 100k} Ib | Fy = [60f + 80k} Ib

() (b)
Fig. 2-31

SOLUTION
Since each force is represented in Cartesian vector form, the resultant
force, shown in Fig. 2-31b, is

Fp=32F=F, + F, = {60j + 80k }1b + {50i — 100j + 100k }Ib
= {50i — 40j + 180k }Ib
The magnitude of Fp is

Fp = V(501b)2 + (—401b)2 + (180 1b)2 = 191.01b
=1911b Ans.
The coordinate direction angles «, B. ¥ are determined from the
components of the unit vector acting in the direction of Fp.

Fy 50 an 180

L = —— RS +
"o T E 19108 19107 | 1910
= 0.2617i — 0.2004j + 0.9422k

s0 that
cos a = 0.2617 a = T4.8° Ans.
cos 8 = —0.2094 B =107 Ans
cos ¥ = 0.9422 ¥ = 19.6° Ans

These angles are shown in Fig. 2-31b.

MNOTE: In particular, notice that B = 90° since the j component of ug,
is negative. This seems reasonable considering how F; and F; add
according to the parallelogram law.
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Missing Angle Problem

The pole is subjected to the force F, which has
components acting along the x, y, z axes as shown. If the
magnitude of Fis 3 kN, g = 30°, and ¥ = 75° determine
the magnitudes of its three components.

*2-84.

The pole is subjected to the force F, which has components z
acting along the x, y, z axes as shown. IT the magnitude of F |
iE3kN, 8 = 30°, and y = 75°, determine the magnitudes of ¥,
its three components.

SOLUTION = _2F

1
costa + cost f + costy = 1 /.’ # %
/.——' o

cos’ @ + Cos” 30 + cost TR = 1

F;
a = 64.67"

F, = 3cos 64.67" = 1.28kN Ams. el

Fy =3 cos30" = 260 kN Ams.

F, = 3cos 75° = 0776 kN Ans. &S

2-85.
The pole is subjected to the force F which has components z
Fe=15kN and F, = 125kN. Il g = 75", delermine the
magnitudes of Fand F. F;
3
SOLUTION Bl
] V8 ¥y v
I

costa + cost B+ costy = 1

15%? poen {12532
(F) + cos 75 + (.f_) =1 /F,
F = 202kN Ans.

Fy = 202 cos 75% = 0523 kN Ans,




Scietech online tuition http://scietech.tripod.com Louis J Saayman +66 9238 79530
scietechmail@gmail.com

Transverse or Azmuth Angles

Transverse and Azmuth Angles. Sometimes, the direction of A
can be specified using two angles, namely, a fransverse angle 8 and an
azmuath angle ¢ (phi), such as shown in Fig. 2-28. The components of A
can then be determined by applying trigonometry first to the light blue
right triangle, which yields

A, =Acos

and

A" =Asing

Now applying trigonometry to the dark blue right triangle,
A, =A' cosB = Asingpcos @

Ay =A' sin@ = Asingsné

Therefore A written in Cartesian vector form becomes
A=Asindcosfi+Asinggsinfj+Acosdk

You should not memorize this equation, rather it is important to
understand how the components were determined using trigonometry.
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Solving problems with Azmuth angles

Express the force F shown in Fig. 2-32a as a Cartesian vector.

SOLUTION F=1001h
The angles of 60° and 45 defining the direction of F are nof coordinate

direction angles. Two successive applications of the parallelogram law

are needed to resolve F into its x, y, £ components. First F = F' + Fy,

then F' = F, + F, Fig.2-32b. By trigonometry, the magnitudes of the o
components are

F; = 100 sin 60" Ib = 86.6 Ib
F' = 100 cos 60° Ib = 501b

3541b
3541b

F; = F' cos 45° = 50cos 45° Ib
Fy, = F’ sin45° = 50sin 45° Ib

Realizing that F), has a direction defined by —j, we have
F=1001h
F = {354i — 354j + 86.6k} Ib Ans.

To show that the magnitude of this vector is indeed 100 Ib, apply
Eq. 24, —

F=VFE+FK+F "
= V(354) + (354) + (86.6)> = 100 Ib /

If needed, the coordinate direction angles of F can be determined from
the components of the unit vector acting in the direction of F. Hence,

¥ FE._E. _FE

m= = ik — ] —k
F F F F F=1001b
_ 354 354 866
“ 100" 1007 T 100

= 0.354i — 0.354j + 0.866k
s0 that
a = cos (0.354) = 69.3°
B = cos '(—0.354) = 111°
¥ = cos '(0.866) = 30.0°

These results are shown in Fig, 2-32c.
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Problem

Determine the magnitude and coordinate direction
angles of the resultant force, and sketch this vector on the
coordinate system.
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2-T4. z
Delerming the magnilude and coordinale direclion angles _
of the resullanl force, and skeich this veclor on Lhe Fy=200N
# o Fy=150N

coordinale system.

s o 5 &0

F,=9N
I e ! >
45

SOLUTION
Cartesian Vector Notation. For Fy, > and Fy,

4 3
F, = ‘IJ(SI i u) = [T2.00 + 540k} N

Fz = 150 (cos 60° sin 457 + cos 607 cos 457 + sin 60°k)
= [33.031 + 53.05§ + 12990k} N

F = [200k} N

Resultant Force.

F=F+HK+Ek
= (7200 + 54.0K) + (53.031 + 53.03] + 12000k) + {200k)
= [125.031 + 53.03] + 38390} N

The magnitude of the resultant force is

Fp = V(F} + (F)} + (F)} = V125.03% + 53.03 + 383.907

=40722N = 40TN Ans.
And the coordinale direction angles are
(Fg): 12503
= =t = — =721 =T721° Al
== B ammt ¢ =
(Fely 5303
3 sl et = B25F = .5 A
sl = —ain P i
(F 38390
oSy = w); _ 383.90 y = 1048 = 195° Ans.

Fp 722
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Combination of direction and Azmuth angles.

The screw eve is subjected to the two forces shown.
Express each force in Cartesian vector form and then
determine the resultant force. Find the magnitude and
coordinate direction angles of the resultant force.

Determine the coordinate direction angles of F,.

z Fy=300N

Fy=S00N

Probs. 2—65/66
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2-05.

The screw eye is subjected to the two forces shown. Express z
each force in Carlesian vector form and then determine the

resultant force. Find the magnitude and coordinate direction

angles of the resultant force,

SOLUTION
F; = 300{—cos 60° sin 45°1 + cos 60°cos 45°] + sin 60°K)

= [-10607i + 10607] + 25981k N

= [-106Q + 106j + 260k} N Ans.
Fy=S00N
F3 = 50cos 6071 + cos 457 + cos1207k)
= (250,01 + 353.55§ — 2500k} N
= (2501 + 354] — Z50K) N Ans.

Fp=F + F;

—106.071 + 106.07) + 23981k + 250.00 + 353.55] — 250.0k

143,931 + 459.62f + 981k

[1441 + 460] + V81K N Ams.

Fp= 14303 + 450627 + 0817 = 48173 N = 482N Ans.

~ Fp 143931 + 459.62) + 981k

g, = P P = (.29881 + 0.9541§ + 0.02036k

cose = (L20ER o = T2.6° Amns.
cos b = 0.9541 p =14 Amns.
cosy = 0.02036 v = BR.E" Ans.

i
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Some more on Azmuth Angles

*2-76. Determine the magnitude and coordinate direction
angles of the resultant force acting on the eyebolt.

i
4

F=450N

Prohs. 2-75/76
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Determine the magnitude and coordinate direction angles
of the resultant force acting on the cyebolt.

SOLUTION

Farce Vectors: By resolving Fy and Fy into their x, v, and 7 components, as shown in
Figs. @ and b, respectively, they are expressed in Cartesian vector form as

F = ﬁ{x]@)m WP+ + HI](%)sin IE(—j) + em(%)[ﬂ;
= [415.6% — 240§ + 360k} N

F> = 0i + 450 cos 45°(+j) + 450 sin 45°(+k)
= [H820f + 31820k} N

Resultant Force: The resultant force acting on the evebolt can be obtained by
vectorally adding Fy and Fy. Thus,

FR = F|_ - Fz
= (41560 — 2405 + 360k) + (318205 + M820k)
= [415.60i + 78205 + 67220k} N

The magnitude of Fy is given by
Fr=V(Fg." + (Fa)y' + (Fr). &

= /[ 415.600 + (TB20)% + (678.20)° = T9O.29N = TOUN Ans,

The coordinate direction angles of F g are

gy (Fgle sy 415.69) i
CoS [_FR ] cos (_?'JI}_ZD 58.7 Ans,
r(Frly 78.20
i i | Ak -1 = ot o
B = cos | 7x ] = oo& (T‘)‘JZ‘D) = B4 4 Ans,

Fa):
¥= Dm'][{ F”j‘] = nm-'(—"’?s'm) = 30F Ans.
"
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Thank you for your support.




